A good choice of the coordinate system is much helpful for the solving the Einstein's equation. In this paper, we present a new coordinate system and corresponding canonical metric form closely related to the physical concepts, and their geometrical and physical meanings are discussed in detail. Under this coordinate system, the complicated Einstein's equation could be greatly simplified.
Introduction
A good choice for the coordinate system of the spacetime manifold is much helpful to solve the solution of the Einstein's equation. The traditional choices are the Gaussian coordinates system and harmonic coordinates system [1] . The former gives the followig metric locally Taub-NUT solution [1, 2, 3, 4] , are all results relying on the aid of symmetry.
In this paper, we present a new coordinate system and corresponding canonical metric form, which are closely related to the light cone. Their geometrical and physical meanings are discussed in detail. Under this coordinate system, the complicated Einstein's equation could be greatly simplified, and the exact solutions could be more easily obtained [5] . 
whose form is invariant under the following coordinate transformation
where f µ are any given smooth functions.
Proof. Computing the line element of the spacetime, we have
where
The proof is finished.
Obviously, as a supplement of Lemma 1, we have 
is integrable.
Proof. For the sufficient part, define
where K is a factor to make the 1-form ω become an exact differential form, so the integrable condition is equivalent to the exact differential form due to (2.4). Then, we have a coordinate transformation
Along any null geodesic, we have
, where τ is the parameter of the geodesic,
So for any given t = t 0 means a moving light wave front, and t 0 = t(0, ξ m ), (m = 1, 2, 3)
defines an initial surface S, which is orthogonal to the null geodesics generated by V µ .
For the coordinate transformation
we have
We take the geodesic orbits i.e., the light rays as the z coordinate lines, then along these lines, we have
Substituting it into (2.10) we get
where f > 0 is any given smooth scale function. Solving (2.12) with boundary condition
where z 0 is any given constant, then we get the coordinate transformation (2.9).
The selection of f is quite arbitrary, which is related to the following three cases:
(I) For the convenience of theoretical analysis as the following proof, we can choose f (ξ µ ) such that z corresponds to the natural length of the light rays. However, we can not
(II) For the convenience of solving (2.12), we can take f = 1 or f = z or some factors of vector V µ to make the equation simplified.
(III) By Lemma 1, theoretically we can choose any smooth function f (t(ξ µ ), z) which has not influence on the form of the canonical metric (2.1).
For the 2-dimensional surface S, not loss generality, we can assume the parameter coordinates (x, y) are orthogonal coordinate grid. Otherwise, we can make a coordinate transformation or take the 2 principal curves of the surface as coordinate lines to get orthogonal coordinates (x, y).
If we set each null geodesic with unique parameter coordinate (x, y), then the coordinates (x, y) become the global coordinates. For the z coordinate corresponds to the natural length of light rays, then this procedure is just to make an equidistant translation for the (x, y) grid from the surface S along the geodesic. Since the equidistant translation along the geodesic keeps the orthogonality of the space-like coordinate bases (∂ x , ∂ y , ∂ z ), so the space-like coordinates (z, x, y) form an global orthogonal coordinate grid for the spacetime.
Hence the metric in new coordinate system (t, z, x, y) becomes
For light travels along the z lines, by the definition of the new coordinates we have dx = dy = 0 and the line element becomes
By (2.8) we find that for such null geodesics we have dt = 0, obviously dz = 0, then by (2.15) we get w = 0. Noticing the arbitrary of (t, z, x, y), then we have
and the new metric (2.14) becomes the canonical form (2.1).
For necessary part, solving the null geodesic equations along the z coordinate line in the spacetime with the canonical metric (2.1), we get
or the null vector field
where k is a constant. The 1-form (2.5) becomes 
defined in the theorem 3, they all satisfy the following partial differential equation
Proof. For the function t(ξ µ ) along the z coordinate lines, we have
For the coordinate function x along the z coordinate lines, we have
that is x = x(ξ µ ) satisfies (2.22).
Similarly, we can check y = y(ξ µ ) also satisfies (2.22). The proof is finished.
The Eq.(2.6), (2.12) and (2.22) form the basic differential equation to determine the canonical coordinate system (t, x, y, z). The above procedure clearly shows the physical and geometrical meanings of the canonical (2.1) and the corresponding coordinates (t, z, x, y).
This procedure removes the uncertainty of the coordinates transformation, so the metric has only 6 nonzero components saved. The canonical form (2.1) of metric is closely related to the light cone, so the Einstein equation could be greatly simplified, and the exact solutions can be more easily obtained [4, 5] .
Application and analysis
In what follows, we take the Schwarzschild metric and the Kerr metric as examples to show how to transform a metric into the canonical form. For the Schwarzschild metric
with the coordinate system (t, r, θ, ϕ), the radial null geodesic satisfies
and so on. Thus we can take the null vector with 2-dimensional orthogonal surface (θ, φ) as follows
which is an exact differential form. V r = 1 means the null vector towards r → ∞ and
In what follows we only calculate the case of V r = 1.
By (2.6), we get the coordinate function t
By (2.22), for x, y we have
The general solution is given by
where H( t, θ, φ) is arbitrary smooth function. By Lemma 1 and the orthogonal condition, we can choose
By (2.12), we have
For (3.8), we get solutions independent of (x, y) as follows
where Z( t) is an arbitrary function of t, we can set Z = z 0 due to Lemma 1. In fact, we can choose any given monotone increasing function z(r) for this case, correspondingly we have
So the selection of f > 0 is quite arbitrary.
For the metric with rotation term similar to the Kerr ones [6, 7] , it can not be generally transformed into the canonical form, because we can not construct a null vector field V µ satisfying the integrable 1-form (2.5). We examine the case with rotation term. Generally the metric takes the following form in the coordinate system (t, r, θ, φ)
where u, v, w, a, b are smooth functions of (r, θ), but independent of (t, φ). For the 4-vector speed
after some arrangement, the geodesic equatioṅ
14)
(3.14) and (3.15) are integrable due to the two Killing vectors (∂ t , ∂ φ ). Solving (3.14) and (3.15), we get the first integralṡ
where m, n are constants. Substituting (3.18) into the line element equation, we have
where C = 0 for null geodesic, and C = 1 for normal particles.
The covariant speed is interesting. By (3.11) and (3.18), we have 
where k is a constant, andṙ
By (3.21) we find m is the scale of time, so we set m = 1. Substituting (3.22) into (3.16) and (3.17), we get
with
So we have h = h(r). In (3.24), k = 0 corresponds to the case that θ is the latitude in spherical coordinate system, but k = 1 corresponds to the cases that θ is the radius of spherical coordinate system or coordinates in the system similar to cylindrical coordinate system and so on. For the present case we have k = 0.
By (3.23) and k = 0, we get
(3.25) (3.25) is the necessary and sufficient condition for (3.11) to be transformed into canonical metric. For the Kerr metric in the Boyer-Lindquist form [2, 4, 6, 7] , comparing it with (3.11) we get
where m is the mass of a star, α is a constant proportional to the angular momentum.
Substituting (3.26)∼(3.29) into (3.25), we find it contradicts ∂ θ h = 0, so the Kerr metric can not be transformed into the canonical form.
Now we transform the metric (3.11) with (3.25) into the canonical form. For (3.25), we make transformation r = h(r), then we remove the function h(r) from the metric in the new system (t, r, θ, φ). This procedure is equivalent to setting h = r.
Setting h = r, by (3.21) we have the new time coordinate t as
In t, the term t − nφ means a rigidly rotating movement of the coordinate system with constant angular speed 1 n in the direction ∂ φ . The total effect caused by n is to transform w in metric (3.11) and Eq.(3.25) into w + nu, so not losing generality, we set
By (3.22) and (3.24), the covariant speed V µ defined in (3.12) becomes we can choose any two independent functions x = X( t, θ, Φ), y = Y ( t, θ, Φ), (3.36) as the new coordinates. In the new coordinate system ( t, z, x, y) defined by (3.31), (3.33) and (3.36), the metric (3.11) becomes
in which J is the Jacobian matrix The calculations show that we always have g zz = g zx = g zy = 0, (3.39) which means that, the z lines are indeed always orthogonal to the surface (x, y). However g xy = 0 for arbitrarily chosen functions (3.36) . This is natural, we should make a further coordinate transformation between (x, y) to set them orthogonal in practical calculation.
For instance, for the case
where ϕ(r) is any smooth function independent of θ, the result is simple. We have the new coordinate ( t, z, x, y) = (t − r, r, θ, φ − ϕ), 
